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Abstract 

Let GO(2n) be the general orthogonal group (the group of similitudes) over any 
algebraically closed field of characteristic ± 2. We determine the etale cohomology 
ring with F2 coefficients of the algebraic stack BGO(2n). In the topological category, 
Y. Holla and N. Nitsure determined the singular cohomology ring of the classifying 
space BGO(2n) of the complex Lie group GO(2n) in terms of explicit generators and 
relations. We extend their results to the algebraic category. The chief ingredients in 
this are (i) an extension to etale cohomology of an idea of Totaro, originally used in 
the context of Chow groups, which allows us to approximate the classifying stack 
by quasi projective schemes; and (ii) construction of a Gysin sequence for the G m - 
fibration BO(2n) — > BGO(2n) of algebraic stacks. 

Mathematics Subject Classification: 14F20; 14L30 



1 Introduction 

Let k be an algebraically closed field of characteristic + 2. The general orthogonal 
group, also known as the group of similitudes, is the closed subgroup scheme GO(n) c 
GL n k whose set of 7?-valued points, for any ^-algebra R, is 

GO(n)(R) = {Ae GL n (R) : 3a e R x , 'AA = al n }. 



This is a reductive group scheme, since it is reduced and its defining representation on 
k n is irreducible. In the topological category, Y. Holla and N. Nitsure [2] determined the 
characteristic classes for the complex Lie group GO{n) with coefficients in F 2 , i.e. they 
explicitly determined the singular cohomology ring H*(BGO(n); F 2 ) in terms of genera- 
tors and relations. The present note proves a similar result in the algebraic category for 
the etale cohomology for the algebraic stack BGO(n). 

There are two basic components in our extension of the methods of to the algebraic 
category. The first of them is a good functorial description of the cohomology of the stack 
BGO(n). This can be achieved by extending to etale cohomology an idea of Totaro 0, 
which he originally used for treating Chow groups. The second component is the Gysin 
sequence for the G m -torsor BO{n) — > BGO{n) in etale cohomology, which is actually a 
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by-product of the first component. Once these points are established, the determination 
of the ring of characteristic classes proceeds exactly as in [0. 

As was remarked in section 1 of @, the group scheme GO(2n + 1) is a product G m x 
SO(2n + 1), so BGOiln + 1) = BG m x BSO(2n + 1), and 

H* et (BGO(2n + 1); F 2 ) = H* et (BG m ; F 2 ) ® H* et (BSO(2n + 1); F 2 ) 

= F 2 [i] ®F 2 [w 2 , ...,w 2 n+i] = ¥ 2 [A,w 2 , ...,w 2n+i ]. 

It is perhaps well known that H* t (BSO(2n +1); F 2 ) = F 2 [w 2 , . . . , w 2n+ i]. Nonetheless, we 
sketch a proof of this fact at the end of Section[5]for the reader's reference. Thus, the case 
of interest is the cohomology ring of BGO(2n). 

2 Notations and Preliminaries 

Henceforth, all schemes considered in this note will be quasi-projective over an alge- 
braically closed field k of characteristic + 2, and all morphisms will be over k. For such 
a scheme X, we will denote H* t (X;¥ 2 ) simply by H*(X) in what follows. A morphism 
X — > Y of schemes will be called n-acyclic, if the induced map H'(Y) — > H'(X) is a bijec- 
tion for i < n. A scheme X will be called n-acyclic if the structure morphism X — » Spec k 
is n-acyclic. If a morphism is ^-acyclic for all n, it will be called an acyclic morphism. A 
morphism from a scheme to an algebraic stack X — > X over k will be called n-acyclic if 
the map induced in cohomology H'(X) — > H'(X) is a bijection for i < n. 

For any smooth group scheme G over k, BG will denote the algebraic stack of all 
principal bundles on the category of quasi-projective fc-schemes, locally trivial in etale 
topology. A characteristic class for G in etale cohomology with coefficient F 2 is a nat- 
ural transformation \BG\ — » H* t ( ; F 2 ) of functors from the category of quasi projective 
schemes over k to the category of sets, where \BG\ is defined by taking \BG\(X) to be 
the set of isomorphism classes in BG(X) for any quasi projective scheme X. All such 
characteristic classes for G form a ring, whose addition and multiplication come from the 
addition and cup product structure on H* . 

Definition 1. Let G be a group scheme over k, acting on a k-scheme X. A bundle quotient 

for this action is a morphism (p : X — > Y ofk-schemes, such thatX together with the given 
G-action is a principal G-bundle on Y, locally trivial in the etale topology. 

Remark 2.1. Clearly, whenever such a bundle quotient exists, it is unique up to a unique 
isomorphism. The existence of bundle quotient is the same as the representability of the 
quotient stack [X/G] by a scheme. In what follows, bundle quotients will naturally occur 
in two different ways: 

a) If a reductive group G acts on a finite type, afhne scheme X, and U c X is an invariant 
open subscheme such that for each closed point x e U, the orbit O(x) is closed in X, and 
the induced action of G on U is free, then U admits a bundle quotient by G. Indeed, since 
G is reductive, we have a uniform categorical quotient (p '■ X — » X/G with X/G affine and 
<p universally submersive (Theorem 1.1, [6]). As U is invariant, its image (p(U) c X/G is 
open. It follows that <p : U —> 4>(U) is a geometric quotient. Again, since the action on U 
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is free, <p : U — > </>(£/) is a principal G-bundle (Proposition 0.9 of [6]). 
b) An affine algebraic group scheme G has a bundle quotient by any of its reduced closed 
subgroup schemes H, which acts on G by right translations. If G is reduced, hence smooth 
over k, then G/H, being a reduced homogeneous space, is smooth over k (k being alge- 
braically closed). As H is reduced, hence smooth over k, G — > G/H is etale locally 
trivial. 

Note that in each of the above cases, the quotient space is a quasi-projective scheme 
over k. 

3 Characteristic Classes for G and the Cohomology of 
the Stack BG 

There is a natural map ® G from the cohomology of the classifying stack BG to the ring of 
characteristic classes, which takes a cohomology class v e H*(BG) to the characteristic 
class whose value on a principal G-bundle P — > X is f*v, where / : X —> BG is the 
classifying morphism of P. Our treatment of this map is inspired by the article Totaro 0, 
which introduced a similar map (actually the inverse of ® G ) for chow groups, and proved 
that it was a bijection. 

Proposition 3.1. When G is a reductive group scheme over k, the map ©g is a bijection. 

Before we write down the proof of this theorem, let us recall some facts and make a 
few observations. 

Let Z m X be a closed immersion of two smooth schemes over k, where X has 
relative dimension n over k, and all the irreducible components of Z have codimension at 
least (s + 1) in X. Then each point z e Z has an open neighbourhood z e U c X, and 
there is an etale morphism n : U — > A£ such that Z n U = n~ l {A^~') with t > s + 1. 
Then the theorem of cohomological purity (Theorem 5.1 of |[5l) shows that fP z (X) = 
for i < 2s + 2. From the spectral sequence H'(Z,H_ 1 Z (X)) => H Z J (X), which shows that 
H' Z (X) = for i <2s + 2, and the following long exact sequence 

> H Z (X) -> H\X) -> H'(X - Z) -> H^\X) ■ ■ ■ 

we conclude that the open immersion (X - Z) X is 2^-acyclic. However, we need a 
little stronger statement, where Z need not be smooth: 

Lemma 3.2. Let Z X be a closed immersion of finite type schemes over k with X 
smooth over k. If all the irreducible components ofZ have codimension > s + 1 in X, then 
the open immersion (X — Z) =-> X is 2s-acyclic. 

Proof. The underlying reduced subscheme Z re d has a finite filtration by reduced, closed 
subschemes 

Z re d = Z) Z[ D • • • D Z e , 
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where for each i > 1, Z is the singular locus of Z_i and Z c is non-empty, smooth over 
k. Then codim(Z ( , X) > s + i + 1 for each z. As Z f is smooth over k, X - Z e X is 
(2s + 2/)-acyclic by the paragraph preceding the Lemma. Note that Z,_i - Z± is a smooth 
over k, closed subscheme of X - Zj of codimension > s + i + 1, so that X - Z,-_i X - Z ; 
is (2s + 2z)-acyclic for each i > 1, by the same argument. Therefore, X - Z X is 
2 s- acyclic. □ 

Lemma 3.3. Le? P ^> X be a principal G-bundle over k with G reduced and X quasi- 
projective over k. Let f be its classifying morphism X — > BG. If P is n-acyclic over k, 
then the morphism f is also n-acyclic. 

Proof. We have to show that R'fJ?2,x = where F 2i x is the constant sheaf on X. Let 
7r : Spec k — » 5G be the classifying morphism of the trivial bundle G — > Spec /c. As 7r is 
smooth and surjective, to show that R'f*F 2 ,x = 0, it is enough to show that n*R l f*F 2 ,x = 0. 
Note that we have a Cartesian square 

P -X 



/' 



/ 



Spec k BG 

By smooth base-change, n*R l fJ?2,x = R l f*F 2 ,p = H'(P), which is zero by hypothesis. □ 

A morphism X' — > X will be called an affine space bundle if X admits an etale cover 
{Xf — » X} ieI such that each base change X' x x X { — » X t is an affine space over X { . 

Lemma 3.4. Let X be a quasi-projective scheme over k, E a principal G-bundle on X, 
where G is reductive over k, and s > an integer. Then there is an affine space bundle 
n : X' — » X, an affine space V over k with a linear G-action on it, and a closed subset 
S c V such that G acts freely on(V-S) and the pullback n*E is isomorphic as a G-bundle 
over X' to the pullback of the principal G-bundle (V - S) — > (V - S)/G by a morphism 
f : X' — » (V - S)/G. Moreover, the quotient space (V - S)/G is a quasi-projective 
scheme overk, and the classifying morphism (V-S)/G — > BGfor the principal G-bundle 
(V-S)^(V-S)/G is 2s-acyclic. 

Proof. First see that if V is an affine space with a linear G-action, and if S is a closed 
subset of V such that the orbit of each closed point in (V - S) is closed in V, and G acts 
freely on ( V - S ) , then by Remark 12.11 a) , we have a bundle quotient (V-S) — > (V-S)/G. 
Therefore, the first statement follows from Lemma 1.6 of (and the proof of it). The 
quotient space (V - S)/G is quasi-projective by Remark [2TTI By Lemma l3~3l we only 
have to show that the inclusion (V-S) V is 2s-acyclic, as V is acyclic over k. The 
proof of Lemma 1.6 of shows that V and S can be so chosen that S has codimension 
> s + 1 in V. □ 

Lemma 3.5. Let G be any reduced algebraic group over k. Then, given any positive 
integer s, there exists a linear representation VofG, a closed subset SofV such that G 
acts freely on (V - S), the bundle quotient (V-S) — > (V - S)/G exists, the total space 
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(V-S) is 2s-acyclic over k, and the quotient space is smooth, quasi-projective over k. In 
particular, the classifying morphism of this principal G-bundle is 2s-acyclic. 

Proof. This is precisely Remark 1.4 of 0. To recall the same, let G be regarded as a 
closed subgroup scheme of GL„ k for some n. For any positive integer s, choose a positive 
integer p such that (p-n) > s. Let M° np be the scheme of nxp matrices of rank n, regarded 
as an open subscheme of M n>p = A nxp . Recall that for the left action of GL n t on M° p , 
the bundle quotient is the Grassmannian Gr(k p , n) of n-dimensional quotients of k p , and 
M° — > Gr(k p , n) is the tautological principal GL„-bundle on the Grassmannian. Now, the 
total space of the associated GL n /G-bundle on Gr(k p , n) is just the bundle quotient of M% 
by the action of G, which exists as a smooth, quasi-projective scheme over k because it is 
a quotient of GL p k by a smooth, closed subgroup scheme (Remark[2J]b)). Also observe 
that the codimension of the complement of M° np in M n<p is > (n - p + 1) > (s + 1). Then 
by Lemma [3T2l we can take V = M n<p , and (V-S) = M° p . The last sentence follows from 
Lemma |3~3l □ 

Proof of Proposition 13. i I The injectivity is immediate: if ®c(fi) = for a nonzero B e 
H'(BG) then by Lemma 13.51 we find a principal G-bundle P — » X, whose classifying 
morphism X — » BG is z-acyclic, yielding a contradiction to the definition of G . 

To prove the surjectivity, starting off from a characteristic class v of homogeneous 
degree s, say, we choose any pair (V,Sy), where V is a linear representation of G, and 
S v is a closed subset of V of codimension > s + 1, such that G acts freely on (V - S v ), 
so that the classifying morphism (V - S v )/G — > BG is 2s-acyclic. The value of v on 
this principal G-bundle is the image, under the induced map in cohomology, of a unique 
element, say a e H S (BG). We claim that v = ©g(Q')- The claim will follow immediately 
from Lemma l3~4l once we show that a is independent of the pair (V,Sy)- But this in turn 
is a consequence of Totaro's argument involving "independence of V and 5", which we 
recall from the proof of Theorem 1.1 of 0: let (W,S W ) be another pair such as (V,S V ). 
Then the bundle quotients ((V - S v ) x W)/G and (V X (W - S w ))/G exist as vector 
bundles over (V - Sy)/G and (W - Sw)/G, respectively. Both the closed subsets V x Sw 
and SyxW of V®W have codimensions at least (s + 1), and outside each of them, G acts 
freely, so that in each case the bundle quotient exists. Therefore, there is an invariant open 
subscheme of V © W which contains both of these open complements and which consists 
of G-stable points. Let us call this open subscheme V © W - S v&w . Observe that S V(BW , 
being contained in each of the two closed subsets mentioned above, has codimension at 
least (s + 1) in V © W. Since H l ((V - S)/G) for i < 2s does not depend on S as long as 
the codimension of S is > s + 1, we see that all the arrows in the following commutative 
diagram are isomorphisms for i < 2s, where the right vertical, the diagonal, and the lower 
horizontal arrows are induced by the classifying morphisms, and the upper horizontal and 
the left vertical arrows, by obvious inclusions: 

H'((V ®W-S vm )/G) H\(V X(W-S W ))/G) = H\(W - S W )/G) 

H\(V - S V )/G) = H'(((V - S v ) x W)/G) 
This completes the proof. 



H'(BG) 

□ 
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Remark 3.6. The independence of V and S as above can also be applied in a little different 
setup: suppose P — > X is a principal G-bundle, and there are two G-equivariant pairs 
(V, S v ) and (W,S W ) with maps from X to the bundle quotients (V-S y)/G and (W-5 w)/G, 
with properties as required in Lemma 13.41 Then the diagonal map P — > V © W factors 
through an open inclusion ( V © W - S V s>w) ^ V © W as above. 

4 The Gysin Sequence 

We begin by observing the following: 

Remark 4.1. Let L — > X be a line bundle over A line bundle being locally trivial in the 
Zariski topology, the zero section has pure codimension in L. Therefore, whenever there 
is a principal G m -bundle with the quotient space, hence the total space as well, smooth 
over k, we have the Gysin sequence for the smooth pair (L, X), where X is regarded as the 
zero section. 

Lemma 4.2. Let 1 —> N —* G — > G' —> 1 be an exact sequence of reduced, affine 
algebraic groups over k, and let E — > X be a principal G-bundle. Then the morphism 
E — > X admits a factorization E —* E' — > X, where E —* E' is the bundle quotient of E 
by N, and E' — > X is the G' -bundle associated to E — > X. 

Proof. The associated G'-bundle E' —> X exists by etale descent of affine morphisms. It 
is seen locally that the morphism E —> E' is the required bundle quotient. □ 

In the above, let G' = G m , the multiplicative group scheme. Let P — » Q be a principal 
G-bundle, where Q is a smooth, quasi-projective scheme over k. Then the bundle quotient 
of P by the action of Af exists as the G,„-bundle Q' — » Q associated to P — > Q, by Lemma 
14.21 We can recognise Q —* Q as the complement of the zero section of the induced line 
bundle. The Gysin long exact sequence 

• • • -» H\Q) H\Q) H*-\Q) H i+l (Q) -» • • • 

exists by Remark I4T1 and is functorial for maps of the quotient space. 

On the other hand, we have the universal principal G-bundle Spec k — > BG, whose 
associated G m -torsor is the 1 -morphism BN — > BG. Assuming that G is reductive, we 
will construct a long exact sequence for this G m -torsor: 

> H'(BG) -> H\BN) H'-\BG) H' +l (BG) -> • • • 

In order to do this, we observe that by Lemma 13.51 given any integer s > 0, there is 
a principal G-bundle P —> Q with H'(P) = for i < 2s + 2, so that the classifying 
morphism Q — > 5G is (2s + 2)-acyclic. Similarly, if Q — > Q is the associated G m -bundle, 
then P — > 2' is a principal ^-bundle, whose classifying morphism 2' — » is (2s + 2)- 
acyclic. We define the Gysin sequence for BN —> BG by requiring each of the squares in 
the following diagram to commute, where the vertical isomorphisms are induced by the 
classifying morphisms for i < 2s: 
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H\BG) 



H'(BN) 



W-\BG) 



H i+1 (BG) 



H\Q) H\Q) W-\Q) H i+i (Q) • ■ • 

That the Gysin sequence does not depend on the particular principal bundle chosen, 
but any principal G-bundle P — > Q of the type mentioned in the statement of Lemma 
13 .51 defines the same Gysin sequence for BN —* BG, follows from the "independence of 
(V, S ) argument", which was used in the proof of Proposition l3.1[ More generally, by the 
independence of (V, S) argument and Lemma l3~4l the Gysin sequence for BN — > BG is 
compatible with the Gysin sequence for principal G-bundles over schemes (even when the 
vertical morphisms are not isomorphisms) by the same independence of (V, S) argument. 
Therefore we have proved the following proposition. 

Proposition 4.3. If G is reductive, there is a Gysin long exact sequence for the G m - 
torsor BN — > BG, which is compatible with Gysin sequence for principal G-bundles 
over schemes in the sense that ifP—> Q is a principal G-bundle with Q a smooth, quasi- 
projective scheme over k, and Q — » Q the associated G m -bundle, then all the squares 
in the following diagram are commutative, where the vertical maps are induced by the 
classifying morphisms. 

>■ H\BG) H\BN) H'-^BG) H i+ \BG) ^ • ■ • 

HXQ) H'(Q') W-\Q) H i+l (Q) • ■ • 

5 Cohomology Calculation 

In the paper of Holla and Nitsure [2], the main ingredient of the determination of the 
singular cohomology ring H* jng (BGO(2n); F 2 ) was the Gysin sequence. Other conceptual 
points that were used their argument are the following : 

(1) The fact that H* sing (BO(n); F 2 ) = ¥ 2 [w u . . . ,w n ], where w t is the i-th Stiefel- Whitney 
class; 

(2) the splitting principle for 0(n)-bundles; 

(3) the fact that under the map in cohomology induced by the inclusion BO(n) c BGL n , 
d h» W;, and 

(4) the Kunneth formula, i.e. that the natural map H* sing (C x ; F 2 )®H* sing (X; F 2 ) -» H* sjng (C x x 
X; F 2 ) is an isomorphism. 

The Gysin sequence for BO(2n) — > BG(2n) in etale cohomology is already established 
in Proposition 14.31 Among the other conceptual points, an etale cohomology version of 
(1) is available in [0. (2) The splitting principle in etale cohomology is the 'Claim' at 
page 180 of [1], while an etale cohomology version of (3) appears in the same paper. We 
also have the Kunneth formula in etale cohomology for the following special case: The 
natural map H* t (X; F 2 ) ® H* t (G,„; F 2 ) — » H* t (X x G m ; F 2 ) is an isomorphism for a finite 
type, smooth X over k. The proof is much the same as that of Lemma 10.2 in [5]; the only 
observation we need here is that there is a quasi-isomorphism f*P* Rp t (q*¥ 2 ), where 
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P* is the complex F 2 — » F 2 —> 0, and p and q are projections from X x G m on the first 
and second components, respectively. This is immediate from the Gysin sequence of the 
trivial G m -bundle on X. 

With this preparation, we observe that the cohomology classes in H*.(BGO(2n); F 2 ) 
introduced in section 4.3 of Holla and Nitsure [0 make sense in the etale setup, and the 
proof of Theorem 4.3.5 of [2] carries over word by word. Therefore the description in 
terms of explicit generators and relations of the etale cohomology ring H* t (BGO(2n); F 2 ) 
of the classifying stack of GO(2n) over any algebraically closed field is exactly the same 
as the reduced mod-2 singular cohomology ring of the topological space BGO(2n), where 
GO(2n) is considered as a Lie group over complex numbers. Also, the map induced in 
etale cohomology by the inclusion BGO(2n) c BGL 2n has exactly the same description 
as in Proposition 3.2 of ||3l. 

Characteristic Classes for SO(2n + 1) 

It is perhaps well known that H*(BSO(2n + 1)) = F 2 [w 2 , . . . , w 2n +i]- Nonetheless, for 
the lack of a suitable reference in the cadre of algebraic stacks, we sketch a proof of this. 
Note that 0(2n+l) = fi 2 xSO(2n+l), for n > 1. Hence, BO(2n+\) = Bn 2 xBSO(2n+l) for 
n > 1. We will show that in this specific case Kiinneth formula holds for the cohomology 
of algebraic stacks: H*(Bfx 2 x BSO(2n + 1)) = H*(B/u 2 ) <S> H*(BSO(2n + 1)). This will 
imply that F 2 [wi, . . . , w 2n+l ] = F 2 [wi] ® H*(BSO(2n + 1)), from which it can be seen that 
H*(BSO(2n + 1)) = ¥ 2 [w 2 , . . . , w 2 „ +1 ]. 

Claim: If X is any finite type, smooth scheme over k, and if B, stands for the bundle 
quotient of A r+1 -{0} by fi 2 c G m , then the natural map H*(B r )®H*(X) -> H*(B r xX) is an 
isomorphism. To prove it, we begin by observing the following: Let E — > B be a principal 
G,„-bundle, and let B' = E/fx 2 , so tnat we have a natural projection B' —> B, which is again 
a principal G m -bundle (because G m /pi 2 = G w ). Then the class of the principal G m -bundle 
B' — > B in H l (B,G m ) is the square of that of E — » B, and therefore, its image under 
the connecting morphism coming from the Kummer sequence is zero in H 2 (B,n 2 ). This 
means that the Gysin sequence for B' — > B splits into short exact sequences. 

Now look at the following commutative diagram, whose left column is a part of the 
Gysin sequence for B r — > F r tensored with H*(X), and the right column is the correspond- 
ing part of the Gysin sequence for B, x X — > P r x X. 



© ;+y=m // ! '(P' ) (8) W(X) — H m (W X X) 

®i+j=mH'(B r ) ® W{X) H m (B r x X) 

® i+j=m H i - l (P r ) ® W{X) H m ~\W x X) 
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The first and the third horizontal maps are isomorphisms, by Lemma 10.2 of D5J. There- 
fore the middle row is an isomorphism H*(B r ) <g> H*(X) = H*{B r x X), as claimed. 

The Kiinneth formula for Bjj. 2 x BSO(2n + 1) can be deduced from this claim, as 
follows. As we have described in Section [3j we can use acyclic covers to approximate 
the cohomology of classifying stacks. In the formula H*(B r ) <g> H*{X) = H*(B r x X), we 
substitute for X an acyclic cover for BSO(2n + 1), and note that B r is an r- acyclic cover 
for B/u 2 - This completes the proof of the Kiinneth formula for Bp 2 x BSOiln + 1). 

Acknowledgment: This result will form a part of the my PhD thesis. I thank my super- 
visor, Nitin Nitsure, for his guidance. 
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